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This paper continues pj] (arXiv.org [math.AG/0609256| and [19] 
(|arXiv:0708.3991l) . 



Using authors's methods of 1980, 1981, some explicit finite sets of num- 
, ber fields containing all ground fields of arithmetic hyperbolic refiection 

groups in dimensions at least 4 are defined, and good explicit bounds of 
their degrees (over Q) are obtained. This could be important for further 
, classification. 

Thus, now, an explicit bound of degree of ground fields of arithmetic 
hyperbolic refiection groups is unknown in dimension 3 only. 



To 70th Birthday of Ernest Borisovich Vinherg 



2 ■ 1 Introduction 

!> . 

, This paper continues [19]. See the introduction of this paper about history, 

definitions and results concerning the subject. 

In [in] some explicit finite sets of totally real algebraic number fields con- 
' taining all ground fields of arithmetic hyperbolic reflection groups in dimensions 

^ , n > 6 were defined, and good explicit bounds of degrees (over Q) of their fields 

were obtained. In particular, an explicit bound (< 56) of degree of the ground 
field of any arithmetic hyperbolic refiection group in dimension n > 6 was ob- 
tained. 

Here we continue this study for smaller dimensions n — b and 4. Using sim- 
ilar methods, we define some explicit finite sets of totally real algebraic number 
fields containing all ground fields of arithmetic hyperbolic refiection groups in 
dimensions n > 4. Moreover, an explicit bound (< 138) of degrees of fields 
from these sets are obtained. This requires much more difficult considerations 
comparing to n > 6, and it is very surprising to the author that this can be 
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done. Thus, degree of the ground field of any arithmetic hyperbolic reflection 
group of dimension n > 4 is bounded by 138. 

It is also very important that all these fields are attached to fundamental 
chambers of arithmetic hyperbolic refiection groups, and they can be further 
geometrically investigated and restricted. 

It was also shown in [Hj (using results of [T3j and [1], [13j) that degree 
of the ground field of any arithmetic hyperbolic reflection group of dimension 
n = 2 is bounded by 44. Thus, an explicit bound of degree of ground fields of 
arithmetic hyperbolic reflection groups remains unknown in dimension n = 3 
only. Finiteness of the number of maximal arithmetic hyperbolic reflection 
groups (and then a theoretical existence of this bound) was shown by Agol [T] . 

Since this paper is a direct continuation of |19| . we use notations, definitions 
and results of this paper without their reminding. 

In [26j (1981) and , Ernest Borisovich Vinberg gave a very short list of all 
possible ground fields (thirteen fields) of arithmetic hyperbolic reflection groups 
in dimensions n > 14. Thus, the results of [19] and of this paper can be viewered 
as some extension of these beautiful Vinberg's results to smaller dimensions. 

2 Ground fields of arithmetic hyperbolic reflec- 
tion groups in dimensions n > 4 

Since this paper is a direct continuation of [19j , we use notations, definitions 
and results of this paper without their reminding. 

In [m Sees 3 and 4], explicit finite sets J^L^ TT, TTf\u), 1 < i < 5, 
and .?^r2,4(14) of totally real algebraic number fields were defined. The set J^L^ 
consists of all ground fields of arithmetic Lanner diagrams with > 4 vertices 
and consists of three fields of degree < 2. The set TT consists of all ground 
fields of arithmetic triangles (plane) and has 13 fields of degree < 5 (it includes 
J^L^). The set Tr^f\l4:), 1 < i < 5, consists of all ground fields of V- arithmetic 
edge polyhedra of minimality 14 with connected Gram graph having 4 vertices. 
They are determined by 5 types of graphs r-*'(14), i — 1,2, 3, 4, 5. The degrees 
of fields from these sets are bounded by 22, 39, 53, 56, 54 respectively. The 
set .Fr2,4(14) consists of all ground fields of arithmetic quadrangles (plane) of 
minimality 14. Their degrees are bounded by 11. 

The following result was obtained in |19i Theorem 4.5] using methods of [T3] 
and [15] and results by Borel [4] and Takeuchi [23] . 

Theorem 2.1. ('191) In dimensions n > 6, the ground field of any arith- 
metic hyperbolic reflection group belongs to one of finite sets of fields TL^ , TT , 
TVf'^lA), 1 < i < 5, and J^r2,4(14). In particular, its degree is bounded by 56. 

Applying the same methods and similar, but much more difficult considera- 
tions, here we want to extend this result to n > 4, also considering n = 5 and 
n 4. 



2 



First, we introduce some other explicit finite sets of fields. All of them 
are related to fundamental pentagons on hyperbolic plane. Similarly is 
related to arithmetic triangles on hyperbolic plane, and ^r2,4(14) is related to 
arithmetic quadrangles on hyperbolic plane. 

Let us consider plane (or Fuchsian) arithmetic hyperbolic reflection groups 
W with a pentagon fundamental polygon A of minimality 14. We remind that 
this means that the set -P(A) = {51,82^5^,54^,5^} of all perpendicular with 
square (—2) and directed outwards vectors to codimension one faces of A satis- 
fies the condition 

(5, •(5j<14, V(5,,(5j e P(A). 
Respectively, we call A as an arithmetic pentagon of minimality 14. 

Definition 2.2. We denote by r2,5(14) the set of Gram graphs r(P(A)) of all 
arithmetic pentagons A of minimality 14. The set JFr2, 5(14) consists of all their 
ground fields. 

By Borel |4j and Takeuchi [23j, for fixed g > and t > 0, the number of 
arithmetic Fuchsian groups with signatures {g; ei, 62, . . . , ej) is finite. Applying 
this result to 17 = and t — 5, we obtain that sets of arithmetic quadrangles 
r2,5 and their ground fields J^T2,5 are finite. Then their subsets r2,5(14) and 
•^r2,5(14) are also finite. 

Moreover, in [23', pages 383-384] an upper bound no of the degree of ground 
fields of Fuchsian groups with signatures (g; ei, 62, . . . , e*) is given. It is 

no - (6 + log, C{g, t))/ \og,{a/ {2^f'^) (1) 

where 

a = 29.099, b = 8.3185, C{g, t) = 2^3+t-2^2g + t - 2)^/3 
(here a and b are due to Odlyzko). It follows that 

[K : Q] < 12 for IK e TT2^^ D ^r2,5(14). (2) 

Let us consider V-arithmetic 3-dimensional chambers which are defined by 
the Gram graphs F^^'' with 6 vertices 5i, . . . ,5^,e shown in Figure [TJ It follows 
that the corresponding V-arithmetic chamber satisfies the following condi- 
tion: the 2-dimcnsional face Alg of M which is perpendicular to e is a pentagon 
A where 

P[^)^{5,,52,5^,54,5^} 

for 

~ 54 -I- cos (7r/rn)e 

5i = . , I — ^ , 

sm (TT/m) 

are perpendicular to 5 consecutive sides of the pentagon. It has one angle 7r/fc 
(defined by 5i,52) and all other its angles are right (= 7r/2). Thus, all planes 
'^(5ij 1 < i < 5, are perpendicular to Tie except TLs^ which has angle 7r/m, 
m > 3, with the plane Tie- 
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Figure 1: The pentagon graphs V\ 



(6) 



Definition 2.3. We denote byV'f^lA) the set of all V- arithmetic 3- dimensional 
graphs vf "' (or the corresponding 3-dimensional V-arithmetic chambers) of min- 
imality 14. Thus, inequalities 2 < a,;j < 14 satisfy. We denote hy TT^i\\A) the 
set of all their ground fields. 

Similarly, we define V-arithmetic graphs Fj^^ , Fg^-* given in Figure [5] which 
must (by definition) define 3-dimensional V-arithmetic chambers M.. For both 
of them, the face M.^ of which is perpendicular to e, is a pentagon A with 
right angles. For Fj^'', 

P(A) = {?i,<52,<53,'^4,<S5} 

correspond to five consecutive sides of A where 



5i 



5i + cos {-K /m)e 
sin {n/m) 



ForFf , 



correspond to five consecutive sides of A where 

~ (5i -I- cos (7r/r7ii)e ~ S3 + cos {tt / m3)e 
"I = ^-r-i — ^ — ' '^3 ^ 



sin (vr/mi) 



sin (tt / ma ) 



V-arithmetic graphs F^^'' and F2^'' of Figure [5] must (by definition) define 4- 
dimensional V-arithmetic fundamental chambers Ai. For both of them, the 
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Figure 2: The pentagon graphs Tf\ T^'\ , 



2-dimensional face A^ei,e2 of A4 which is perpendicular to both ei and 62, is a 
pentagon A with right angles. For F^, 

P{A) = {61,62,63,64,65} 

correspond to five consecutive sides of A where 

~ (5i + cos (7r/TOi)ei ~ 62 + cos (tt / m2)e2 
61 = ■ , , ^ , 02 = 



sin (7r/mi) 



sin (77/7712) 



For r 
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P{A) = {61,62,63,64,65} 
correspond to five consecutive sides of A where 

~ (5i + cos(7r/mi)ei ~ ^2 + cos (77/7712)62 ~ 63 + cos {tt /m3)ei 
oi = , ^ , 02 = , , , , 03 = 



sin (7r/mi) 



sin (77/7722) 



sin (77/7723) 



Definition 2.4. We denote by r^'^'(14), r.f^(14), rP(14) and r^^^(14) the 
sets of all V-arithmetic graphs T2'\ ^3'\ Fg^'' respeetively (or the 

corresponding S- dimensional or 4- dimensional V-arithmetic fundamental cham- 
bers) of minimality 14. Thus, inequalities 2 < < 14 satisfy. We denote 



6?/ ^^4^^(14), JTf\u), J^rf^(14) andTT^J\u) the sets of all their ground 
fields respectively. 

We have 

Theorem 2.5. The sets of V-arithmetic graphs Tf\u), r^®^(14), rf^(14), 
rPiU), T^J\U) and their fields .Frf^(14), .^4^^(14), .Frf^(14), ^rf^(14), 
J^r'^\u) are finite. 

Degree of any field from J-'Tf\lA) is bounded (<) by 56. 

Degree of any field from J^r2^^(14) is bounded by 75. 

Degree of any field from J^T^\l4:) is bounded by 138. 

Degree of any field from J-r\ (14) is bounded by 42. 

Degree of any field from JFr2^^(14) is bounded by 138. 

Proof. The proof requires long considerations and calculations. It will be given 
in a special Sect. [3] □ 

We have the following main result of the paper. 

Theorem 2.6. In dimensions n> A, the ground field of any arithmetic hyper- 
bolic reflection group belongs to one of finite sets of fields JFL"*, TT , J-T^'^-' (14), 
1 < i < 5, J^r2,4(14) and J^rf^(14), Tt''^\u), TTf\u), Tt''P{U), 

.Fr^'^(i4), .Fr2,5(i4). 

In particular, its degree is bounded by 138. 

Proof. By [TS], if n > 6, the ground field K belongs to one of sets J-L'^, J-T, 
jrf^U), l<i<5, J^r2,4(14). Thus, further we can assume that the ground 
field K does not belong to these sets, and the dimension is equal to n = 4 or 
n = 5. 

Let W be an arithmetic hyperbolic reflection group of dimension n — A 
or 5, A4 is its fundamental chamber, and P{A4) is the set of all vectors with 
square (—2) which are perpendicular to codimension one faces of M and directed 
outwards. For 5 E P{A4) we denote by Hs and A4s the hyperplane and the 
codimension one face A4 n He respectively which is perpendicular to e. 

By [14], there exists e G P{Ai) which defines a narrow face Aie of Al of 
minimality 14. It means that Si ■ $2 < 14 for any 5i,52 G P{M,e) C P{M). 
Here 

PiM,e) ^{5e P{M) iHsnHe^ 0}. 

The field K is different from Q. It is well-known that then Ai is compact, 
and it is simple: any vertex of M is contained in exactly n codimension one 
faces. Then Me is also simple n — 1-dimensional polyhedron. If n = 5, it is 
4-dimensional, and if n = 4, it is 3-dimensional. 

By formula [191 (7)] which was proved in [15j . the average number a^^^i 
of vertices of 2-dimensional faces of any simple n — 1-dimensional polyhedron 
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satisfies for n > 4 tlic inequality 



a. 



■n-l 



(0,2) 



< 4 + 



{ 



if n is even, 
-^-^ if n is odd. 

n— o 



(3) 



It follows that a„Ii < 6, and Me has a 2-dimensional face which is a polygon 
A with < 5 vertices. Remark that the same can be obtained by Euler's formula 
for Euler characteristic 60 — 61+62 =2 applied to any 3-dimensional face of 
Me- Thus, for n = 4 and n = 5, actually, we don't need the inequality Q. 

If A is a triangle, then obviously K belongs to TL'^ or !FT (see [19j Lemma 
4.6]). If A is a quadrangle and K is different from J^L'^, TT and J^rf (14), 
1 < z < 5, then K belongs to J-T2,4(14), see |T9l Lemma 4.7]. Thus, further, we 
can assume that A is a pentagon. 

By 19', Lemma 4.3], if K does not belong to TL'^., TT and J^rf^(14), 1 < 
i < 4, then the Coxeter graph C(v) of any vertex v E Me has all connected 
components having only one or two vertices. If additionally K does not belong 
to !FTf\l4), then the hyperbolic connected component of the edge graph r(r) 
defined by any edge r = V1V2 C Me has < 3 vertices. 

By direct check (see the proof of [19l Lemma 4.7]), we see that then there 
are only 3 cases where we denote by Q C P{M) the set of all perpendicular to 
A elements 5 € P^M), and by Si G P{M) — Q, i = 1,2,3,4,5, perpendicular 
vectors to five consecutive edges of A. Thus, Q consists of n — 2 elements, and 
the plane of A is intersection of hyperplanes Hs, 6 E Q. Moreover, H A, 
i = 1,2, 3, 4, 5, give lines of five consecutive edges of A. 

Case 1. Q -L Si, 1 < i < 5. Then A is a fundamental pentagon of minimality 
14 for arithmetic hyperbolic reflection group with P(A) — {Si,S2,S3,S4,S5}. 
Then K is the ground field of this group and K e .?^r2,5(14). 

Case 2. Q is not perpendicular to all Ji, 1 < z < 5, and A has a non-right 
angle. We can assume that the vertex of this angle is perpendicular to Si and 
S2- Thus, Si ■ S2 — 2cos(7r/fc), k > 3. Then all other angles of A are 7t/2. There 
exists exactly one element e € Q which is not perpendicular all Si, 1 < i < 5. 
Then e is perpendicular to all Si except S4, and e ■ S4 = 2cos(7r/m), m > 3. 
Thus, e and Si, 1 < i < 5, define the hyperbohc graph rj^^(14), and K is the 
ground field of this hyperbolic graph. (This case is very similar to [19l Lemma 



Case 3. Q is not perpendicular to all Si, 1 < i < 5, but all angles of A are 
right. Then Si, 1 < i < 5, and elements from Q which are not perpendicular to 
all these elements define one of hyperbolic graphs r^^^(14), rf'(14), t'-^\u), 
r2^''(14). The field K is the ground field of one of these hyperbolic graphs. 

We leave the corresponding routine and simple check to a reader. 

This finishes the proof of the theorem. □ 



4.7].) 
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(6) (6) 

3 V-arithmetic pentagon graphs r\ (14), r2 (14). 
rf (14), rf^(14), rf^(14) and their fields 

Here we prove Theorem 12.51 



3.1 Some general results. 

We use the following general results from [TS] . 

Theorem 3.1. (115, Theorem 1.2. IJ) Let ¥ be a totally real algebraic number 
field, and let each embedding cr : F ^ K. corresponds to an interval [a^, , bcr\ in R 
where 

a 

In addition, let the natural number m and the intervals [si,ii], . . . , [sm,,tm\ in 
R be fixed. Then there exists a constant N(si,ti) such that, if a is a totally 
real algebraic integer and if the following inequalities hold for the embeddings 
T : ¥{a) R; 

Si < T{a) <ti for T ^ Ti, . . . ,T„i, 

ar\¥ < T{a) < b^lf for t^ti,...,t„, 

then 

[F(a) :F] <7V(s„tO- 



Theorem 3.2. (115, Theorem 1.2.2]) Under the conditions of Theorem \3.1\ 
N(si,ti) can be taken to be N(si,ti) — Nq, where Nq is the least natural number 
solution of the inequality 



NqM In (1/i?) - M In (iVo + 1) - In S > In S. (4) 



Here 



M^[¥:Q], B = 2v/|discr F|; (5) 



1 



wher 



ai^n\¥, = max{|6i - Co-J, - ai|}. (7) 



We note that the proof of Theorems 13.11 and 13.21 uses a variant of Fekete's 
Theorem (1923) about existence of non-zero integer polynomials of bounded 
degree which differ only slightly from zero on appropriate intervals. See [151 
Theorem 1.1.1]. 
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Below we will apply these results in two cases which are very similar to used 
in [H Sec. 5.5] and [T5]. 

Case 1. For a natural / > 3 we denote F/ = Q(cos (27r//)). We consider a 
totally real algebraic number field K where F; C K = Q(a), and the algebraic 
integer a satisfies 

< cr(a) < acr(sin2 (tt//)) (8) 
for all fT : K ^ R such that a ^ and 

6i<aW(a)<52 (9) 

where cr(+) : K ^ R is the identity. We assume that < a < 4 and hi < 62. 
We denote 6 — max{|6i|, I62I}, and we assume that a < b. We want to estimate 
[K : F;] = A^o and = [K : Q] = No[¥i : Q] from above. 

For / > 3, we have [F; : Q] = (p{l)/2 where (p{l) is the Euler function, and 
iVF,/Q(sin2 (tt/I)) = 7(0/4'^(')/2 where 

AT /A ■ 2/ iiw /i\ f P if Z = p* > 2 where p is prime, 
iVr,/Q(4sm^M)) = 7(0-|^ ^ti^^Ji,,. (10) 

We have 

b«^|7VK/Q(sin^(V0)| ^ ^..^^ 

.2. /n > \^K/Q{a)\ > 1 

asm (Tr/lj 

and 

b(a/4)^7(02^/^(') 
asin^ (n/l) 

Equivalently, we have 



> 1. 



ivfln^-i^^^ <lnW--lnsin^ and {ipil)/2)\N. (11) 
V ^/a tp(l) J \ a I 

Since 7(/) < I, ip{l) > Cl/ln{\nl) for / > 6 where C = (/j(6) In (In 6)/6 > 
0.194399, sin {n/l) < tt/I for / > 3, there exists only finite number of Z > 3 such 
that (dH) has solutions iV e N. 

More exactly, there exists only finite number of exceptional I > 3 such that 

"4-^^"^ (12) 

All non-exceptional I satisfy the inequality 

(^(0/2)fln^-i^) KlnT^-lnsinf (13) 

Remark that exceptional I also satisfy this inequality. 
If 7(Z) = 1, ([T^ implies that I satisfies the inequality 

(C/2)ln(2/V^)Z < (ln/ + ln(V(Va)A)) InhiL (14) 
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It follows that 



I < Ln 



where Lq > 3 satisfies 

(C/2) In Lo > (in Lq + In (^(V^/^)) In In Lq . 

li I = where p is prime, (jl3[) implies that I satisfies the inequality 



where 



It follows that 



{C/2)A{a)l< (\nl + ln{^{b/a)/TT)j In In/ 

In 7(0 



A(a) 



min < In 

=p'>Lo 



^(0 



> 



where Li > Lq is a solution of the inequality 



(C/2)A(a)Li > (inLi +ln(v/(Va)/7r)) InlnLi 



(15) 

(16) 

(17) 

(18) 
(19) 

(20) 



Thus, to find all non-exceptional I satisfying p^ . we should check for all 
I such that 3 < ' < Li, moreover, if Lp < / < Li, we can assume that I — p*. 
Their number is finite, and all of them can be effectively found. 
For non-exceptional I satisfying (jlSp . we obtain bounds 



TVo = [K : ¥i] < 



In \fhja — In sin (tt/Z) 



(^(0/2) (ln(2/V^)-(ln7(0)M0) 



and 



iV = [K : Q] < 



In \Jhl a — In sin (tt//) 



(^(0/2) (ln(2/^)-(ln7(0)M0) 



(^(0/2) 



(21) 



(22) 



This using of the norm, we call the Method B (like in [T9l, Sec. 5.5]). 

On the other hand, for fixed I, we obtain a bound for Nq using Theorems 
O Oapphed to F = and a. We can take 

R = V'|A^,,/Q(sin^ (7r//))|(a/4)^(0/2 = TlJ_ , (23) 



where 



R < 1 if and only if In ■ 



In 7(0 
^(0 



>0, 



M = [F, : Q] = B = 2V|discrFi 



(24) 
(25) 
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where the discriminant |discrF;| is given in ([M)) . and 

_ 2emax{a, b2,Q- &i} 
asm (TT/t) 

Then [K : F/] < no and [K : Q] < no(p{l)/2 where no is the least natural solution 
of the inequality Q 

noM In (1/i?) - Af In (no + 1) - In B > In S". (27) 

In particular, this gives a bound for [K : Q] for exceptional Z satisfying (IM)) and 
improves the bound (j2ip for A^q when it is poor, which also improves the bound 
for [K : Q]. This using of Theorems O we caU the Method A (like in [H 
Sec. 5.5]). 

We shaU apply these Methods A and B to r^®\l4) in Sect. [3X11 

Case 2. For natural fc > s > 3, we denote F^^^ = Q(cos (27r/fc), cos(27r/s)). 
We consider a totally real algebraic number field K where F^^^ C K = Q(q!), 
and the algebraic integer a satisfies 

< a{a) < acr(sin2 (tt/A:) sin^ (tt/s)) (28) 

for all (T : K ^ M such that a ^ a'^^'^ , and 

bi<a^+\a)<b2 (29) 

where a^^^ : K ^ M is the identity. We assume that < a < 16 and bi < 62. 
We denote b — max{|6i|, I62I}, and we assume that a < b. We want to estimate 
[K : ¥k^s] = No and iV = [K : Q] = No[¥k^s ■ Q] for non-exceptional k and s 
where I > 3 is called exceptional if 

-^^^<»^ (30) 

Equivalently, we have ^l\fa < 7(Z)^/'^('^. We also assume that k > s > so > 3 
where sq > 3 is fixed. 

We have [¥k,s ■ Q] = '^{[k, s])/2p{k, s) where p{k, s) = 1 or 2 is given in (|94|l . 
and iV]F,/Q(sin^ (tt//)) = 7(/)/4'^(')/2 where -/(l) is given in We have 

ba^lN^/^jsin^ {n/k))\\N^/Q{sm^n/s))\ ^ , 

.2/ /,N ■ 2/ / N > I^K/Q(a)l > 1 

asm (7r/fe)sin (tt/s) 

and 

&(a/16)^7(fc)^^/^(fc)7(5)^^/^(^) ^ 
asin^ (7r/fc)sin^ (tt/s) 

Equivalently, we obtain 

,T 1 , 4 ln7(A:) ln7(s)\ , fb , . tt , . n , ip(\k,s]), ,^ 

TV ( In ^ !^ < In \/ In sm - - In sm - and \ N. 

yja (^(k) (^(s) / V a k s 2p{k,s) 

(31) 
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Since 7(/) < /, ip{l) > Cl/hi{\nl) for Z > 6 where C = ^(6) In (ln6)/6, 
sin(7r/Z) < ■k/I for I > 3, there exists only finite number of pairs (fc,s) such 
that ([HT|) has solutions N G N where both k and s are non-exceptional. 

More exactly, there exists only finite number of exceptional pairs (fc, s) where 
a pair (fc, s) (consisting of non-exceptional k and s) is called exceptional if 

J 4 _ln7g)_ln7(^^Q (32) 
All non-exceptional pairs {k, s) satisfying (IHT1) satisfy the inequality 



2p{k,s) \ ^/a f{k) (p{s) J \ a k s 

Remark that exceptional pairs (fc, s) also satisfy this inequality. 
If -f{k) = 7(s) = 1 and k > s, ([33]) imphes 

(C/2)ln(4/VH)fc < (2\nk + \n{y/{b/a)/TT^)^ In In A;. (34) 

It follows that 

So < s < k < Ko (35) 

where Kq > 3 satisfies 

(C/2) In (4/V^)ii'o > (21nXo + ln(VWa)A^)) InlnXo- (36) 

If one of j{k), 7(5) is not equal to 1, then (j33p implies for non-exceptional pairs 
(fc, s) that 

(C/2)Ai(a)fc < (21nfc + ln(VWa)A^)) In In A (37) 

where 

. , N r, 4 In 7(5) ln7(fc) 1 , , 

Ai a = min In ^ 7T\^ > ^ \ ■ ^8 

k>s>so,k>Kn [ (p{s) ip{k) J 

It follows that 

sq < s < k < Ki (39) 
where Ki > Kq is a solution of the inequality 

{C/2)Ai{a)Ki > (21ni^i +ln(VWa)A^)) InlnXi. (40) 

Thus, to find all non-exceptional pairs (fc,s) satisfying we should check 

(|33p for all So < s < fc < Ki; moreover, if Kq < k < Ki, we can assume that 
one of fc and s is equal to p* where p is prime. The number of such pairs is 
finite, and all of them can be effectively found. 

For such non-exceptional pairs (fc, s) satisfying (j33p . we obtain bounds 



No = [K: ¥k,s] < 



In 1 / - — In sin 2^ — In sin - 

y a h s 

V{lk,s]) . ln7(fc) _ ln7(s) 

2p(k,s] \ ^ ip{k) ip{s) 



(41) 
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and 



iV = [K : Q] < 



In 



— In sin T — In sin — 



2p(fe,s) 



In 4 _ i£7lfe) 



ln7(s) 
vis) 



2p{k,s) 



(42) 



This using of the norm, we call the Method B (like in [121 Sec. 5.5]). 

On the other hand, for a fixed pair (fc,s), we can obtain a bound for Nq 
using Theorems 13.11 IX^ applied to F = ¥k,s and a. We can take 



i?=y|A^F,„/Q(sin2^sin2^)|(^ 





V([fc,sl) / 


2p(fc,a) / 







7(fc) — 7(s) — 



where 



i? < 1 if and only if In —pz 



8 ln7(fc) ln7(s) 



M 



/a 
(p{[k,s]) 



(p{k) ip{s) 
B = 2y'|discrFfe 



>0, 



2p(fc,s) 

where the discriminant |discrFfe^s| is given in (|96)) and (|97p. and 

2e max{a, 62, a — &i} 



5* = 



asin^ (tt/s) sin^ {T^/k) 



(43) 
(44) 

(45) 
(46) 



For all pairs (fc,s) satisfying (f44|) . we obtain the bounds [K : Fi:.s] < no and 
[K : Q] < noip{[k,s\)/{2p{k,s)) where no is the least natural solution of the 
inequality ([1]), 

noM In (1/i?) - Af In (no + 1) - In B > In S". 

For a < 16 and fc, s > 3, all pairs (fc, s), except finite number, satisfy ()44p . and 
we can apply this method to all these pairs. In particular, this gives a bound 
for [K ; Q] for all exceptional pairs (fc, s) satisfying ([44]), and it improves the 
bound ([^T|) for A^'o when it is poor, which also improves the bound for [K : Q]. 
This using of Theorems [SJl EIH we call the Method A (hkc in [H Sec. 5.5]). 
We apply these Methods A and B to rf^(14) in Sect. [O and rf^(14). 



r^^^(14), r^'^(14) in Sect. 



.(7) 



3.2 V-arithmetic pentagon graphs V\ (14) and their fields. 

Here we consider V-arithmetic 3-dimensional graphs Tf\\A) and their fields. 
See Definition 12.31 and Figure [T] 

First, let us consider a pentagon A on hyperbolic plane which has all angles 
right (= 7r/2) except one angle which is equal to 7r/fc, k > 2. We denote 
c — 2 cos(7r/fc) where —2 < c < 2. When c = 0, we obtain a pentagon with right 
angles. 
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Figure 3: The graph of a pentagon with one non-right angle 

Let 

P(A) = {/3i,/32,/33,/34,/35} 

correspond to five consecutive sides of A and /3i , P2 are perpendicular to the 
vertex of A with the angle n/k. Thus, /3i • /32 = c and Pi ■ = for 2 < i < 5. 
The Gram graph of A is given in Figure [3] where we denote bij = (3i ■ j3j with 
hj > 2. 

The vectors /3i,/32,/?4 generate the form $ which defines the hyperbolic 
plane. The determinant of their Gram matrix is equal to 

di24 = -8 + 2C614624 + 26i4 + 2&^^ + 2c^. (47) 

It must be positive for the geometric embedding cr*^'*'\ and it must be negative 
for non-geometric embeddings a ^ a^^\ Thus, 

< 6^4 + 6^4 + c6i4&24 < 4 - (48) 

for a ^ a^^\ Here the first inequality follows from —2 < c < 2 for any 
embedding since c = 2cos(7r/fc) where fc > 2 is an integer. 

Applying this to the pentagon A corresponding to F^^' , we obtain Pi — 6i for 
i ^ 4, and Pi = 64^ = {S4 + cos {T:/m)e)/ sin (7r/m). Then &14 = 014/ sin [tt /m), 
624 = 024/ sin (7r/m) and for 

a = a^4 -I- a24 -I- 2 cos (7r/fc)ai4a24 (49) 

we obtain 

< (y{a) < 4cr(sin2 ^ sin^ — ) (50) 
k m 

for a 7^ (7^+^ , and 

12 < cr(+)(a) < (2 • 14)2 = 28^. ^5^^ 

since 2 < (T(+)(a.y) < 14 and cr(+) (2 cos (tt/A:)) > 1 for fc > 3. 

Thus, a is a totally positive algebraic integer. By ([50|l and ((5T|) . the ground 
field K = Q(a) is generated by a, and ¥k,m — Q(cos(27r/fc), cos(27r/m)) C K. 
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We get exactly the same situation which we had considered in [THl Sec. 5.5]. 
Only for the inequahty ((5T|) we had < 14^ in [19] instead of 28^ here. Then 
exactly the same considerations as in [ini Sec. 5.5] show that [K : Q] < 56. The 
worst case is achieved for {k, m} = {3, 113}. 

More exactly, we apply the methods A and B of Case 2 in Sec. l3.1l to a = 4, 
bi = 12, 62 = 28^ (then b = 28^) and k := max{fc,m}, s := min{fc,m} where 
fc > s > 3 and sq = 3. 

At first, we apply the Method B. Since ln2 > ln(3)/2, all k and s are 
non-exceptional, see (|30p . All exceptional pairs {k, s) that is when (15^ which is 



ln2-i^-i^<0 



(52) 

4) where 



satisfies, are (fc,s = 3) where k — 3,4,5,7,8,9,11,13,17,19; (fc,s 
fc = 4, 5; {k, s = 5) where fc = 5, 7. 

We can take i^o = 306 in ([36]). Then Ai(4) = ln(2)-ln(3)/2~ln(307)/306 > 
0.1251, and Ki = 2760 can be taken in Checking §^ for 3 < s < fc < 

2760, we obtain that 3<s<90and3<s<A:< 420. Moreover, A: < 90 for 
11 < s < 90. For all these pairs (fc, s) satisfying (l33|) which is 



2p{k,s) 
we obtain 



In 2 



ln7(/s) ln7(s) 
ip{k) Lp{s) 



< In 14 — In sin ■ 



In sin ■ 



(pi[k,s] 



< 56 



(53) 



(54) 



2p{k,s) 

where 56 is achieved for (fc, s) — (113, 3). Moreover, for all these non-exceptional 
pairs {k, s) we obtain the bound (|4T|) which is 



A^o = [K : ¥k,s] < 



In 14 - In sin f - In sin - 

k s 



2p{k,s) 



'ln2 



ln7(fc) 



ip{s) 



(55) 



and finally we obtain the bound (jlS)) which is 



In 14 



In sin T — In sin - 

k s 



y([fc.^]! 

2p{k,s) 



In 2 



ln7(fc) 
^(fe) 



lii7(s) 



2p{k,s) 



(56) 



If either a pair {k, s) is exceptional, or the right hand side of (j56p is more than 
56 (these are possible only for pairs {k, s) with 3 < s < 7 and s < k < 420), we 
also apply to the pair (fc, s) the method A of the Case 2 to improve the poor 
bound of A^o = : ¥k,s] for non-exceptional {k,s). We can apply this 
method to any pair {k, s) since (|44p is valid for all fc > s > 3 if a = 4. Finally 
we obtain that [K : Q] < 56. 
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Figure 4: The graph of pentagon with right angles 

3.3 V-arithmetic pentagon graphs r2^^(14), r3^^(14), 
rf^(14), r^'^^(14), and their ground fields 

Here we consider V-arithmetic 3 and 4-dimensional graphs r2^^(14), r3^-'(14), 
rj^^(14), r^^\l4) and their fields. See Definition and Figured 

They are related to pentagons with right angles. This can be considered as 
a specialisation of the previous case when c — 0. See Figure [H 

The Gram matrix of any 4 elements (3i must have zero determinant. Con- 
sidering this for all four elements Pi, we obtain equations 





(4- 


&?3)(4- 

&L)(4- 

fcL)(4- 
fcL)(4- 
bh)i^- 


bl,) 




(4- 


bh) 


^bh = 


(4- 


bh) 




(4- 


bis) 


46?3 = 


(4- 


bid 



It follows that 

7 = &13&14624&25&35 = -(4 - 6?3)(4 - foM)(4 - &L)(4 - bl,){4 - bl,)/2^ (58) 

since for the geometric embedding the sign must be positive. One can also see 
the sign from the determinant of the Gram matrix of /3i , . . . , /Ss which is equal 
to zero: 

86?3 + 86^5 + 86^5 + 86^4 + 8&?4 + 2bi3biib2ib25b35- 

-2bl,bl^ - 2bl,bl, - 2bl,bl, - 2bl,b% - 2bl^bl, - 32 = 0. 

Thus, ([57)1 and ([55]) give equations of a hyperbolic pentagon with right angles. 

For the geometric embedding a^'^'^ the expression 7 is positive, and for a ^ 
(T^+^ it is negative because < b'fj < 4 for all bij. We have the following very 
important statement. 

Lemma 3.3. The minimum ofj in (|58p for bij satisfying (|57p and < bf^ < 4 

is achieved for equal bf^ . Then it is equal to 

-(\/5 - 1)^ = -2.8854381999983 .... 
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Proof. We denote qij — A — a? . Then equations (I57p are 



gi4 = 4-^, 

g25=4-22ip, (59) 

g35=4-22Ml3^ 

gi3 = 4-23Ml4. 

We should find maximum of 

A = 9l3<?14'?24g25g35 

in the region < qij < 4 with the conditions If one of qij = or = 4, 

then j4 — 0. Thus, the maximum is taken when all < qij < 4. 
We denote x = qi3 and y ~ q24. Then A = 2^F{x, y) where 

^ , , x^y^ + IQxy — Ax^y — Axy'^ 

F{x,y) = — , 

16 — xy 

and < X < 4 and < y < 4 are free variables. We have 

dF _ -x'^y^ + Ax'^y'^ + 32y^a: - I2d,xy - My^ + 256y 
dx (16 — xyY 

and 

dF _ -x^y"^ + 4a;2y2 + 32a;2y - 128a;y - 64a;2 + 256x 
dy (16 - xyY 

From ^ = 0, we get 

-x^y^ + Ax^y + 32?/x - 128a; - 64y + 256 = 0. 
From ^ = 0, we get 



-x^y"^ + 4xy2 + i2xy ~ U8y - 64a; + 256 = 0. 



Taking difference of these equations, we get {x — y){xy — 16) ~ which gives 
x = y and (x^ + Ax - 16){x - 4)^ = 0. It follows that a; = y = 2(\/5 - 1). 

It follows the statement. □ 

By Lemma |3.3[ we have 

- 2.88543819 ... = -70 = -{Vb - if < (7(7) < 0. (60) 
where we denote 

70 = (Vs - 1)^ = 2.885438199983 .. . < 2.8854382. (61) 
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For pentagons A of graphs t'^\ Tg^-*, F^^-* and t'^\ we must replace Pi by 
6i or Si given in the definition which gives bij from a^j. From these expressions, 
we get 

013014024025035 = r^2~^ for Ty, (62) 

sm — 



013014024025035 + 2 cos ^ cos ;^ai4a24a25a35 ^ (g) 
013014024025035 = . 2 TT ■ 2 TT ^ J""^ ^3 ' 

(63) 

h h h h h 013014024025035 „ /'«^^ 
013O14O24O25O35 = . 2 TT — ■ 2 ^ ^i', (64) 

sm"' — sm"^ — 

mi m2 

013014024025035 + 2 cos cos ;^Oi4a24025035 .yN 
613614624^25^35 = . 2 ^ . 2 TT ■ 2 ^ /"^ ^2 . 

sm — sm — sm — 

mi ms m2 

(65) 

We consider an algebraic integer a G K which is equal to 

013014024025035 for F^ and F^^) 

a = { 2013O14O24O25O35+ . (66) 

(6) T-(7) 



+4 cos (7r/mi) cos (71/7713)014024025035 for F3 and F 



2 



By (l60l) . for cr 7^ o'(+\ we obtain the inequalities 

> a{a) > -7oCT(sin2 j^^. p(6)^ ^g^^ 



> cr(a) > -27ocr(sin2 sin^ — ) for f!,''^ (68) 

nil mz 

> cr(a) > -7ocr(sin2 — sin^ — ) for fP, (69) 

TOi 1712 

> a(a) > -27oa(sin2 — sin^ — sin^ — ) for F^^^ . (70) 

TOl 7713 "^2 

Since we consider 14-minimal graphs, we have 

2^ < a^+\a) < 14^ for F^^^(14), F^^^(14), (71) 

2^ < cr(+)(a) < 2 • 14^ + 4- W = 32-144 F^^'(14), F^^'(14), (72) 

It follows that K = Q(a). Since 270 = 5.7708763999663 ... < 16, all these 
cases are similar to considered in [191 Sec. 5.5] (and originally in [E]). We have 
adapted these considerations to our case here in Sec. 13. H and we have applied 
them in Sec. 13.21 For each graph, we give details below which will be very 
important for further study. 
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3.3.1 V-arithmetic pentagon graphs r2^^(14) 



For r2^-'(14), considering (—a) from we apply the methods A and B of 

Case 1 in Sec. O to a = 70 = (\/5 - 1)^ < 2.8854382, h = -14^, 63 = -2^ 
(then b = 14^), and I m. 

At first, we apply the Method B. All exceptional / > 3 that is when (|12p 
which is 



In- 



ln7(0 
/70 (p{l) 

satisfies are ^ = 3, 4, 5, 7, 8, 9, 11, 13, 17, 19. 
We can take Lq = 1540 in Mh. Then 



< 



(73) 



Ai(7o) -ln( — ) 



In 1543 
1542 



> 0.1585, 



and Li — 1595 can be taken in (|20p . Checking (|T3|) for 3 < Z < 1595, we obtain 
that 3 < / < 510. For all these / such that (fT51) which is 



2 

satisfies, we obtain 



In- 



ln7(0 



, ,145 , . TT 

< In ^ / In sm — 

70 l 



I ■ 



< 75 



(74) 



(75) 



where 75 is achieved for I = 151. Moreover, for all these non-exceptional I we 
obtain the bound (EH) which is 



TVo = [K : F;] < 
and finally we obtain the bound 



In- 



In sin J 



2 



In- 

which is 



2 

'70 



1117(0 



(76) 



TV = [K 



< 



In. 



In sin T 

70 ' 



4^.fln^ 

2 \/7o 



ln7(0 



fin 
2 



(77) 



If either I is exceptional, or the right hand side of (I77|) is more than 75 (this is 
possible only for 3 < ^ < 83), we also apply to I the method A of the Case 1 to 
improve the poor bound (I76|) for iVo = [K : F;] for non-exceptional I. We can 
apply this method to any I > 3 since ([M)) is valid for alH > 3 if a = 70. Finally 
we obtain that [K : Q] < 75. 



3.3.2 V-arithmetic pentagon graphs Fg (14). 

In this case, considering (—a) from ((66|) . we apply the methods A and B of Case 
2 in Sec. Oto a = 270 < 5.7708764, 61 = -32 • 14*, 63 = -2^ (then 6 = 32 • 14*) 
and k :— max{TOi, m^}, s := min{TOi, m^} where A; > s > 3 and sq ~ 3. 
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At first, we apply the Method B. Exceptional I > 3 satisfy ([50)1 which is 

4 ln7(/) 



In- 



< 0. 



(78) 



It follows that ^ = 3 is the only exceptional. 

All exceptional pairs {k,s) where A; > s > 4 that is when ([5^ which is 



In- 



4 ln7(fc) ln7(s) 
/2jE if{k) ^f{s) 



< 0. 



satisfies, are (fc,s = 4) where k — 4,5,7,8,9,11,13,17,19; (fc,s 
fc = 5, 7, 8, 9, 11, 13, 17, 19, 23, 29, 31; (fc, s = 7) where k = l, 11, 13. 
We can take = 630 in Then 



(79) 

5) where 



270 



Ai(27o) = ln^==- — 



In 631 
630 



> 0.097289, 



and Ki ^ 4684 can be taken in (gOl). Checking ^ for 4 < s < fc < 4684, 
we obtain that 4 < s < 210 and 4 < s < fc < 870. Moreover, k < 210 for 
14 < s < 210. For all these pairs (fc, s) satisfying ((33| which is 



2p(fc,s) ■ 
we obtain 



In- 



4 ln7(fc) In 7(5) 
/270 <p{k) f{s) 



< In- 



4. 14^ 



- In sin - 



ipi[k,s] 



< 138 



2p{k,s) 

where 138 is achieved for (fc, s) = (139,5). Moreover, 
non-exceptional pairs (fc, s) we obtain the bound (j4ip which is 



-Insin- , (80) 
s 



(81) 

for all these 



TVo = [K : ¥k.s] < 



In 



4-14^ 



In sin ■ 



In sin - 



2p(k,s) 



In- 



and finally we obtain the bound 



270 
which is 



ln7(fc) 



ln7(s) 
ip(s) 



(82) 



TV = [K : Q] < 



In 



In sin T 

k 



In sin ■ 



2p{k,t 



'In- 



ln7(fc) 



l"7(s) 



2p(fc,s) 



(83) 



If either a pair (fc, s) is exceptional, or the right hand side of ([55]) is more than 
138 (these are possible only for pairs (fc, s) with 4 < s < 11 and s < k < 870), 
we also apply to the pair (fc, s) the method A of the Case 2 to improve the poor 
bound of A^o = [K : ^^.s] for non-exceptional (fc,s). We can apply this 
method to any pair (fc,s) since is valid for all fc > s > 3 if a = 279. We 
obtain that [K ; Q] < 138 for aU fc > s > 4. 
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Let us assume that s = 3 is exceptional. It means that either mi = 3 or 
7713 = 3 for r3^''(14). For example, let mi = 3. Let us consider the V-arithmetic 
graph defined by e, Si and 64. We denote a = a^^ where 014 — Si ■ S4. The 
determinant of the Gram matrix of e, ^i and S4 is equal to —6 + 2a. It follows 
that < a{a) < 3 for cr 7^ a^+\ and 4 < cr(+)(a) < 14^. Then K = Q(a). We 
apply Theorems [37T] and [3?2l to F = Q and a where M = 1, B = 2, R = V3/2, 
5* = 2 • e • 1473. We obtain [K : Q] < 76. 

Thus, finally, [K : Q] < 138 for aU graphs T':f{U). 

(7) 

3.3.3 V-arithmetic pentagon graphs r\ (14). 

In this case, considering (—a) from ([55]) . we apply the methods A and B of 
Case 2 in Sec. O to a = 70 = (V5 - 1)^ < 2.8854382, h = -14^ 62 = -2^ 
(then b — 14^), and k := max{mi,m2}, s := min{mi,m2} where fc > s > 3 and 
So = 3. 

At first, we apply the Method B. Exceptional I > 3 satisfy ([30|l which is 



, 4 (84) 

^/7o nl) 



It follows that alH > 3 are non-exceptional. 

All exceptional pairs (fc, s) where fc > s > 3 that is when ([32|) which is 

ln^-i^-i^<0 (85) 
VTo 'y3(K) </'(s) 



satisfies, are {k, s = 3) where A; = 3, 4, 5, 7. 
We can take Kq = 324 in ([361). Then 



. , , 4 ln3 ln331 

Ai 270 = In — - — - > 0.28956765 

VTo 2 330 



and A'l = 1262 can be taken in gO]). Checking ^ for 3 < s < k < 1262, we 
obtain that 3<s<90and3<s<A:< 240. Moreover, k < 126 for 6 < s < 90. 
For all these pairs (fc, s) satisfying ([33]) which is 

f{[k,s]) f 4 ln7(fc) ln7(f)\ , /l4^ , . tt tt 

m —— --— I < m 4 / in sni in sni — , (86) 



2p(fc,s) V VTo </5(fc) </'(s) / V '^'0 ^ 
we obtain 

where 36 is achieved for (fc, s) — (73, 3). Moreover, for all these non-exceptional 
pairs (fc, s) we obtain the bound (|¥T|l which is 



No = [K: ¥k,s] < 



In 4 / — — In sin ^ — In sin - 

V 70 k s 

. ( _A l"7(fc) _ ln7(^) 

2p(k,s) \ ip(k) ip(s) 
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and finally we obtain the bound (H^ which is 



TV = [K : Q] < 



In- 

'pak,s]) 

2p(k,s) 



In sin T — In sin — 

70 fe 



V 4 _ln^ 
^ Via 



2p{k,s) 



(89) 



If either a pair (fc, s) is exceptional, or the right hand side of (l89|) is more than 
36 (these are possible only for pairs (fc, s) with 3 < s < 5 and s < k < 240), we 
also apply to the pair (fc, s) the method A of the Case 2 to improve the poor 
bound l|88|) of A'^g = [K : F^^s] for non-exceptional {k,s). We can apply this 
method to any pair (fc, s) since (|44p is valid for all fc > s > 3 if a = 70. 

For all 3 < s < 5 and s < fc < 240, the Method A gives [K : Q] < 36 except 
s = k = 3 (equivalently, mi = m2 = 3). Finally [IK : Q] < 42 for all graphs 

(7) 

3.3.4 V-arithmetic pentagon graphs Fj (14). 

Since < a{sm^ {71/1112)) < 1 for any embedding a : K — > M, in this case, we 
have for a from (|66p the same inequalities ([68]) and f72\i as for F3^''(14). Thus, 
we get the same upper bound [K : Q] < 138 as for r3^^(14). 

This finishes the proof of Theorem 12.51 



4 Appendix: Some results about 
cyclotomic fields 

Here we give some results about cyclotomic fields which we used. All of them 
follow from standard results. For example, see the book [S]. 

We consider the cyclotomic field Q (v^) and its totally real subfield F; = 
Q(cos(27r/0). We have [Q{Vl) ■ Q] = ip{l) where ip{l) is the Euler function. 
We have = Q (^/l) = Q for / = 1, 2, and [F; : Q] = ip{l)/2 for / > 3. It is 
known (e.g., see [5]) that the discriminant of the field Q {\^) is equal to (where 
p is prime) 

Let Q — exp (27ri/Z) be a primitive l-th root of 1. The element Q generates 
the ring of integers of Q ■ Further we assume that ^ > 3. The equation 
of over F/ is g{x) = {x - (i){x - (f^) = x^ - {(i + Cr^)x + 1 = 0. We have 
g'iCi) = 20 - (0 + Cr') = - Cr'- Thus, 

^Q(^)/F,(5'(0)) = iCi ~ Cr')iCr' - O) = 4sin2 (27r//) 
which gives the discriminant S (Q /¥i) = Asin^ (Stt//). It follows 
\s[q (^) /q) I = \5{¥i/Q)^Nf,/Q{Asm^ {27r/l))\. 
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We have 



I. ■ 2/ n\\ n\ f P if ? = _p* > 2 where n is prime, 
iVF,/Q(4sm^(V0) = 7(0 = | ^ ,thcrwi3e. ^^^^ 

If / is odd, then 4sin^ (""/O 4sin^ (27r/Z) are conjugate, and their norms 
are equal. Thus, 

iVF,/Q(4sin2 (27r/0) = 7(0, if Z > 3 is odd. 

If I is even and h = 1/2, then 4sin^ (27r//) = 4sin^ (^/^i)- If h is odd, then 
F;^ = F/, and we get 

7VF,/Q(4sin^ (27r/0) = 7(^/2) if ^ > 6 is even, but 1/2 is odd. 

If Zi > 4 is even, then [F; : F;J = 2, and we get 

7VF,/Q(4sin2 (27r/0) = 7(//2)^ if ^ > 8 and 1/2 is even. 

At last, 

7VF,/Q(4sin2 (2^4)) = 4 

if ; = 4. 

Thus, finally we get for Z > 3: 



7VF,/Q(4sin2 (2^0) = 7(0 



Moreover, we obtain the formula for the discriminant: 

Idiscr F/ 1 = {\disci Q(\/T) 1/7(0) for ? > 3 (93) 

where |discrQ(^/T)| is given by (|90p. and 7(0 is given by (|92p . 

We denote ¥k.s ~ Q (cos (27r//c), cos (27r/s)). Further we assume that k,s > 
3. Let m = [k, s] be the least common multiple of k and s. Then Ffc^^ C 
¥m C Q{y/l). We have Gal (Q( VT)/Q) = (Z/mZ)* where a e (Z/mZ)* 
acts on each m-th root C of 1 by the formula C C"- Obviously, F^^s is the 
fixed field of the subgroup G of the Galois group (Z/mZ)* which consists of all 
a £ (Z/mZ) such that a = ±1 mod k and a = ±1 mod s. The G includes the 
subgroup of order two of a = ±1 mod m. If a = 1 mod fc, then a = 1 + kt 
mod m where i S Z. If 1 + fci = —1 mod s, then the equation kt + sr = 2 has 
an integer solution {t,r) which is equivalent to (A;,s)|2. Thus, G has the order 
4 if and only if (fc, s)\2. Otherwise, G has the order 2. We set 

I 1 otherwise, ^^^^ 




if Z > 3 is odd, 
if 1/2 > 3 is odd, . . 

if Z/2 > 4 is even, ^ ' 

if l = A. 
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and we obtain 



Wk,s : Q] 



Lp{m) 



(95) 



Moreover, we get 



F„ if (fc,s) /2. 



It follows, 



IdiscrFfe^sl 



|discrF„| if (fc,s) /2, 



(96) 



where m = [fc, s], and |discrFm| is given by ([93|) . 

Assume that (fc,s)|2. If (fc, s) = 1, then the fields (0(^1) and Q(v^) are 
linearly disjoint and their discriminants are coprime. Then their subfields 
and Fs are linearly disjoint, and their discriminants are coprime, and we obtain 

|discrFfc,^| = |discrFfe|('^(")/2)|(jjg(,j.]p^|(<p(fe)/2) = 1 and fc, s > 3. 

Assume that (fc, s) = 2. Then one of fc/2 or s/2 is odd. Assume, fci = fc/2 
is odd. Then Ffe = F^^ and Ffc^^ = F^^^^ where (fci, s) = 1. Thus, we obtain the 
previous case which gives exactly the same formula. We finally obtain 



IdiscrFfc,,! = |discrFfe|('^('')/2)|discrF,|('^('^)/2) [k,s)\2 and fc,s > 3 (97) 



where the discriminants |discrF/j| and |discrFs| are given by ([M)) . 
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